Abstract Classical invariants of General Relativity can be used to approximate the entropy of the gravitational field. In this work, we study two proposed estimators based on scalars constructed out from the Weyl tensor, in Kerr spacetime. In order to evaluate Clifton, Ellis and Tavakol's proposal, we calculate the gravitational energy density, gravitational temperature, and gravitational entropy of the Kerr spacetime. We find that in the frame we consider, Clifton et al.'s estimator does not reproduce the Bekenstein-Hawking entropy of a Kerr black hole. The results are compared with previous estimates obtained by the authors using the Rudjord-Gr∅n-Hervik approach. We conclude that the latter represents better the expected behaviour of the gravitational entropy of black holes.
Introduction
The study of quantum field theory in the external gravitational field of a black hole led to the proposal that black holes have temperature and entropy. The radiation emitted by the black hole is thermal and it has a temperature given by [1] [2] :
where k B is Boltzmann's constant, G is the constant of gravitation, c stands for the speed of light, and = h/2π. As usual, h is the Planck's constant. Bekenstein [3] [4] noticed that the properties of the area of the event horizon of a black hole resemble those of entropy and proposed the following relation:
Here, S BH is the entropy of the black hole, A is the area of the event horizon, and l
Bekenstein [5] . Bardeen, Carter, and Hawking [6] formulated the four laws of black hole physics, which are similar to the four laws of thermodynamics. Since black holes can be fully described in terms of the gravitational field, it seems reasonable to associate an entropy with the gravitational field itself. In absence of a theory of quantum gravity, a statistical measure of the gravitational entropy is not possible. Instead, approximations might be obtained using classical invariants of General Relativity. In a pioneer work, Penrose [7] proposed the so-called Weyl Curvature Conjecture: scalars constructed out from the Weyl tensor might be used to quantify the entropy of the gravitational field.
Several authors have tried to implement Penrose's proposal. For instance, Rudjord, Gr∅n and Hervik [8] defined a classical estimator for the gravitational entropy based on the ratio of the Weyl and Kretschmann scalars. They demanded that their estimator integrated over the event horizon of a black hole be equal to the Bekenstein-Hawking entropy [5] .
Recently, Clifton, Ellis and Tavakol [9] offered a novel definition for the entropy of the gravitational field based on integrals over quantities constructed from the pure Weyl form of the BelRobinson tensor [10] [11] [12] [13] . In particular, they calculated the gravitational entropy for a Schwarzschild black hole, for a spatially flat Robertson-Walker geometry with scalar perturbations, and for the inhomogeneous Lemaître-Tolman-Bondi solution.
The main goal of the present work is to calculate the gravitational entropy of a Kerr black hole using Clifton et al.'s proposal, to compare the results obtained with those corresponding for Rudjord et al's estimator, and to conclude which of them better approximates the entropy of the gravitational field in a rather complex spacetime such as Kerr's.
In the following section we provide a brief review of the work done by Rudjord et al. [8] and Clifton et al. [9] . Throughout this paper we use geometrized units G = c = 1.
Proposals for classical estimators of the gravitational field entropy

Weyl-Kretschmann estimator
Rudjord and co-workers suggested an estimator for the gravitational entropy that naturally incorporates the Bekenstein-Hawking entropy. The entropy of a black hole can be described by the surface integral
where σ is the surface of the horizon of the black hole and the vector field Ψ is
with e r a unitary radial vector. The scalar P is defined in terms of the Weyl scalar (W ) and the Kretschmann scalar (R):
To find an acceptable description of the entropy of a black hole, it is required that Eq. (3) be equal at the horizon to the Bekenstein-Hawking entropy:
The latter equation allows to calculate the constant k:
The entropy density can be then determined by means of Gauss's divergence theorem, rewriting Eq. (3) as a volume integral:
Here, the absolute value brackets were added to avoid negative or complex values of entropy. Rudjord et al. calculated the entropy density in Schwarzschild, de Sitter, and Schwarzschildde-Sitter (SdS) spacetimes. The gravitational entropy in de Sitter spacetime is zero (the Weyl tensor vanishes), thus suggesting that the entropy of the cosmological horizon should be of non gravitational origin. Conversely, the Schwarzschild spacetime seems to have only gravitational entropy. Then, the Schwarzschild and de Sitter spacetimes were interpreted as two extreme cases of the SdS spacetime. This result seems to be a reasonable description of the gravitational entropy: large thermodynamical entropy in the early universe and large gravitational entropy around black holes.
Bel-Robinson estimator
Clifton, Ellis and Tavakol [9] defined the entropy of the gravitational field in analogy with the fundamental law of thermodynamics:
Here, T grav , S grav , U grav and p grav stand for the effective temperature, entropy, internal energy, and isotropic pressure of the free gravitational field respectively, whereas V is the spatial volume.
Expressions for the effective energy density ρ grav and pressure p grav are derived from the BelRobinson tensor. The latter behaves like an effective energy-momentum tensor for free gravitational fields 1 [14] [15] . Depending on whether the gravitational field is Coulomb-like (Petrov type D spacetimes) or wave-like (Petrov type N spacetimes) different expressions are obtained for ρ grav and p grav . For Coulomb-like gravitational fields, such as black hole spacetimes, the effective energy density and pressure in the free gravitational field take the form
where α is a constant and W is the "super-energy density":
and E ab and H ab denote the electric and magnetic part of the Weyl tensor, respectively. The temperature of the gravitational field is defined as a local quantity that reproduces the Hawking [1] , Unruh [17] , and de Sitter temperatures [18] in the appropriate limits [9] . It has the following expression:
Here u a is a timelike unit vector, z a is a spacelike unit vector aligned with the Weyl principal tetrad, H = Θ/3 being Θ = ∇ a u a the expansion scalar and
Θh ab is the shear tensor; h ab is the projection tensor h ab = g ab − (u c u c ) u a u b . Clifton and coworkers calculated the gravitational entropy of a Schwarzschild black hole. As expected, the estimator reproduces over the event horizon the Bekenstein-Hawking entropy. If this result can be generalized to other black hole spacetimes the estimator would be theoretically more attractive than the Weyl-Kretschmann one, since it is computed from basic laws and no phenomenological constants such as k are involved
In the next section we present our calculations of the Bel-Robinson gravitational entropy for Kerr black holes.
Bel-Robinson entropy estimator for Kerr black holes
We consider a new form of the Kerr solution obtained by Doran [19] . The line element in oblate spheroidal coordinates (t, r, θ, φ) takes the form:
where,
The constant M represents the mass of the black hole and a its angular momentum. In the limit a → 0, Eq. (14) reduces to the Schwarzschild geometry in Gullstrand-Painlevé coordinates [20] [21]. Clifton et al.'s proposal is frame-dependent. We make the simplest choice for a Kerr spacetime (see below). Specifically, we adopt the following unit vectors u a and z a :
where we have made the substitution:
The contravariant form of (17) is
This vector is chosen to be orthogonal to the hypersurfaces of constant time t 2 . It should be noticed that because of the four-fold coordinate degrees of freedom inherent to General Relativity, there is not a unique foliation of spacetime into a family of nonintersecting spacelike 3-surfaces Σ. For the Kerr spacetime metric given by Eq. (14), we have checked that the unit vectors u a and z a satisfy all conditions for the calculation of the gravitational entropy as stated by Clifton et al. [9] .
In the limit a → 0, u a and z a do not coincide with the corresponding vectors given by Clifton et al. in Schwarzschild spacetime. As shown by Garat and Price [23] , there is no spatial slicing of the Kerr spacetime that is both conformally flat and goes smoothly to a slice of constant Schwarzschild time as a → 0. Hence, we do not neccesarily have to recover in the Schwarzschild limit the expressions for the gravitational energy density, gravitational temperature, and gravitational entropy obtained in [9] .
We now proceed to the calculation of the gravitational energy density and temperature according to Eqs. (10) and (13), respectively. The gravitational energy density takes the following expression:
Our choice for the timelike unit vector u a leads to a simple form for the super-energy density W:
We show in Figures 1 and 2 plots of ρ grav as a function of the radial coordinate for θ = π/2 and θ = π/4, respectively. As expected, the gravitational energy density diverges towards the ring singularity (r = 0, θ = π/2). Outside the equatorial plane, ρ grav is positive for 3r 2 − u 2 > 0, and has a maximum at r = 11/9 a cos 2 θ. Then, the gravitational energy density ρ grav is
We now calculate the temperature of the gravitational field according to Eq. (13). The result is
where the absolute value brackets were added to avoid negative or complex values. We show in Figure 3 a 3-dimensional plot of T grav as a function of the coordinates r and θ for a = 0.8. We see that for θ ∈ [0, π], T grav tends to infinity when r goes to zero. For any other value of the radial coordinate the temperature of the gravitational field is well-defined.
As explained in [9] , a small change in the gravitational entropy density of a black hole occurs when a small amount of mass is added:
In other words, a positive increment in the effective gravitational energy at a given T grav causes a positive increment in the gravitational entropy. In the expression above the element of volume is
where η abcd = η [abcd] , η 0123 = |g ab |. Given the Eqs. (14) and (17), v takes the form:
We now proceed to integrate Eq. (24) over the volume V enclosed by the outer event horizon on a hypersurface of constant t, for a fixed value of a:
in order to test whether the Bel-Robinson proposal in the choosen frame reproduces the BekensteinHawking entropy of a Kerr black hole. We notice, however, that independently of the coordinate choice, the region inside the inner horizon is not time-orientable since the region is chronologyviolating (e.g. [24] ). The contribution to the gravitational entropy should come from the region between the inner and outer horizons. Integral (27) can explicitly be written as:
where in the latter expression we have integrated over the azimuthal coordinate φ. The function f (r, θ) is defined as:
The domain of integration of Eq. (28) is:
We divide T into two subregions denoted D and G respectively, such that
where r * , θ * 1 , and θ * 2 are the solutions of the following equations:
and
Given the definitions above, Eq. (28) can be written as:
If 0 < a < 0.94, the integral given by Eq. (40) is an improper divergent integral 3 ; in particular it tends to infinity for those values of r and θ such that f (r, θ) = 0. We show in Figure 4 a plot of the curve f (r, θ) = 0 for a = 0.8. Contrary, integral (41) is well defined for a ∈ (0, 1). If 0.94 ≤ a < 1, S D grav is not an improper divergent integral, and can be integrated numerically as we will show below.
In order to prove that integral (40) is divergent for 0 < a < 0.94, we define four closed subregions:
where ǫ, δ > 0, and lim
A plot of the domain of integration D (δ,ǫ) is shown in Figure 5 . In each D (δ,ǫ) the function s(r, θ) is well defined and continuous:
The integral of the function s(r, θ) over the domain D (δ,ǫ) takes the form:
3 For a formal definition of improper integral see the Appendix and Ref. [25] . The function f (r, θ) can be well approximated by a power series expansion about the point r = r * to order (r − r * ) 4 in the region D (δ,ǫ) :
where the coefficients a j (a, r * , θ), j = 0, .., 4 are continuous functions of a, r * , and θ in each D i(δ,ǫ) , i = 1, .., 4. Since D (δ,ǫ) is a closed and bounded set and f 4 is continuous in D (δ,ǫ) , then there exists points in D (δ,ǫ) where each coefficient a j , j = 0, .., 4 has its maxima and also points where each a j has minima [25] . We make use of this property to find in each domain
In the latter equation g i (r) represents a polynomial of degree four. Since r < 1 in each D i(δ,ǫ) , i = 1, .., 4, we can always find a linear function of the form
such that
Then,
and (see [25] p. 383): It is proved in the Appendix that the integral
is divergent. Hence, we can state that since in each D i(δ,ǫ) , i = 1, .., 4 the inequality given by (54) holds, then:
Application of the comparison criterion for improper integrals [26] leads us to conclude that S D grav is divergent. We now integrate numerically S G grav (see Eq. 41) for 0 < a < 0.94, and Eq. (28) for 0.94 ≤ a < 1. The result is shown in Figure 6 . We plot the Bel-Robinson gravitational entropy, denoted S BR and also the Bekenstein-Hawking entropy S BH as a function of the angular momentum of the hole. It is clear that S BR does not reproduce the Bekenstein-Hawking entropy of a black hole. We conclude that even in the small range of the angular momentum where the entropy is well defined, it is not a good approximation to the Bekenstein-Hawking entropy, at least for the current coordinate choice.
Let us now briefly compare the situation with the Rudjord-Gr∅n-Hervik picture. The calculation of the Weyl-Kretschmann gravitational entropy for Kerr spacetimes was done by Romero, Thomas, and Pérez [27] . This estimator is defined (see Subsection 2.1) in such a way that it necessarily matches the Bekenstein-Hawking entropy in the event horizon of the black hole. This is not the case for the Bel-Robinson estimator.
For the Weyl-Kretschmann proposal, the gravitational entropy density is
A plot of Eq. (57) is shown in Figure 7 . We see that s is everywhere well-defined except where the spacetime is singular (r = 0, θ = π/2). At large distances, r → ∞, s tends to zero, as expected, contrary to what happens with Bel-Robinson estimator. 
Closing remarks
We have computed the gravitational energy density, temperature, and gravitational entropy of a Kerr black hole according to the Bel-Robinson estimator. Our calculations are based on a specific choice of a timelike unit vector u a and a spacelike unit vector z a that determine a Weyl principal tetrad. The choice of such vectors, however, is not unique. Consequently, ρ grav , T grav are frame dependent quantities. We proved that, with the simplest coordinate choice, the gravitational entropy does not reproduce the Bekenstein-Hawking entropy of a Kerr black hole. We do not discard that for a different choice of vectors u a and z a , the Bel-Robinson proposal may coincide with Bekenstein-Hawking result. However, the fact that the innermost region of the Kerr spacetime is not folliable and time-orientable suggests that our result might be general.
The Weyl-Kretschmann estimator works according expectations for Kerr and Kerr-Newman spacetimes [27] . An advantage of this latter estimator with respect to Bel-Robinson's is that it is defined in such a way that is not dependent on a specific folliation of spacetime and can be applied to chronology-violating spacetimes such as those of Kerr and Kerr-Newman, or even wormhole spacetimes [27] .
It is clear that more research is needed in this field if we want to have at our disposal a reliable classical estimator of the gravitational entropy. The first requirement that needs to be fulfilled is that the estimator be well-behaved in all types of horizons where quantum field calculations can be used as an independent probe of the entropy. Only when a complete match be obtained, the classical estimators can be used to evaluate other families of spacetimes with some confidence.
